Abstract. In this paper, we compute the fundamental group of the complement of linear torus curves of maximal contact and we show that it is isomorphic that of generic linear torus curves.
introduction
A plane curve C ⊂ P 2 of degree pq is called a curve of (p, q) torus type with p > q ≥ 2, if there is a defining polynomial F of C of the form F = F q p − F p q , where F p , F q are homogeneous polynomials of X, Y, Z of degree p and q respectively. A singular point P ∈ C is called inner if P ∈ {F p = F q = 0}. Otherwise, P is called an outer singularity. C is called tame if C has no outer singularity.
We say that a (p, q) torus curve C is a torus curve of a maximal contact if {F p = F q = 0} = {ξ 0 } and {F p = 0} is smooth at ξ 0 . Then the intersection multiplicity I(F q , F p ; ξ 0 ) is equal to pq by Bézout's theorem and singularity (C, ξ 0 ) is topologically equivalent to the Brieskorn-Pham singularity B p 2 q,q where B m,n := {(x, y) ∈ C 2 | x m + y n = 0}.
We are interested in topological invariants the Alexander polynomial ∆ C (t) and the fundamental groups π 1 (P 2 \ C) and π 1 (C 2 \ C). It is known that if C is a tame maximal contact of type (p, q), then the Alexander polynomial of C is equal to ∆ C (t) = (t pq/r − 1) r (t − 1) (t p − 1)(t q − 1)
where r = gcd(p, q) ( [1, 2] ). We consider the special class of torus curves of type (p, q). We say that C is a linear torus curve of type (p, q) if F q = L q for some linear form L. If C is a linear torus curve of type (p, q), then C generically consists of q components of curves of degree p as
, where ζ := exp 2π √ −1 q and the inner singularities of C are contained in the intersection C p ∩ L. If C p ∩ L consists of p distinct points, C is called a generic linear torus curve. In this case, C has p singular points, each of which is topologically equivalent to B pq,q .
If C is a generic linear torus curve of type (p, q), then C has q components of degree p which are defined by C (j) : {F p − ζ j L p = 0} for j = 1, . . . , q. Then C (i) and C (j) are tangent at p points {F p = L = 0} with the intersection multiplicity p each other. The fundamental group is given by
where F (d) is the free group of rank d ( [4] ). Its Alexander polynomial ∆ C (t) is given by ∆ C (t) = (t pq − 1) q−1 (t − 1) t q − 1 .
Let C be a tame (p, q) linear torus curve of a maximal contact. Then C has q components of degree p which intersect at one point with intersection multiplicity p 2 each other. In this paper, we compute that fundamental groups of P 2 \ C and C 2 \ C.
Our main result is the following: Theorem 1. Let C be a tame (p, q) linear torus curve of a maximal contact. Then the fundamental group π(P 2 \ C) is isomorphic to that of generic linear torus curves. Namely
Preliminaries

2.1.
Van Kampen-Zariski Pencil method. Let C be a reduced plane curve of degree d in P 2 . To compute the fundamental groups π 1 (P 2 \ C) and π 1 (C 2 \ C), we use so-called Van Kampen-Zariski pencil method. We recall it briefly in the following ( [6] ). We fix a point B 0 ∈ P 2 \ C and we consider the set of lines L = {L s | s ∈ P 1 } through B 0 and L is called a pencil. Taking a linear change of coordinates if necessary, we may assume that B 0 = [1 : 0 : 0] and L s is defined by L s = {Y − sZ = 0} in P 2 where (X, Y, Z) is the fixed homogeneous coordinates. Take L ∞ = {Z = 0} as the line at infinity and assume that L ∞ intersects transversely with C. We consider the affine coordinates (x, y) = (X/Z, Y /Z) on C 2 = P 2 − L ∞ . Let F (X, Y, Z) be the defining homogeneous polynomial of C and let f (x, y) = F (x, y, 1) be the affine equation of C. We use the following notations:
We identify L s and L a s with P 1 and C respectively and the pencil line L a s is defined by {y = s} in the affine coordinates (x, y). We use x as the coordinates of L a s . A pencil line L s is called singular with respect to C if L s passes through a singular point of C or L s is tangent to C. Otherwise, we call L s is generic. Hearafter we assume that L ∞ is generic and B 0 is not contained in C.
Let C y be the space of the parameters of the pencil with coordinates y and let Σ = {s ∈ C y | L s is a singular pencil lines} and suppose that Σ = {s 1 , . . . , s k } ⊂ C y . We fix a generic pencil line L s 0 (so s 0 ∈ C y \ Σ) and put L a s 0 ∩ C a = {Q 1 , . . . , Q d } where d is the degree of C. We take a base point * 0 ∈ L a s 0 \ L a s 0 ∩ C a on the real axis which is sufficiently near to B 0 and * 0 = B 0 . We take a large disk ∆ R ⊂ L a s 0 such that L a s 0 ∩ C a ⊂ ∆ R and * 0 ∈ ∆ R . We may assume that ∆ R = {(x, s 0 ) ∈ L a s 0 | |x| ≤ R} with a sufficient large R. We orient the boundary of ∆ R counter-clockwise and we put Ξ = ∂∆ R . Join the circle Ξ to the base point by a line segment L connecting * 0 and Ξ along the real axis. Let Ω be the class of this loop
so that g i goes around Q i counter-clockwise along a small circle and we assume that ω = g d · · · g 1 , taking a suitable ordering of g 1 , . . . , g d if necessary.
Hereafter we denote a small lasso oriented in the counter clockwise direction by a bullet with a path in the following figures. Thus
• indicates .
which we call the monodromy action of π 1 (C y \ Σ; s 0 ). For details, we refer to [6, 5] . Note that
s 0 ) and we call M the the group of the monodromy relations. Put
. By the definition, we have the relation
Proposition 1 ( [9, 8, 7] ). Under the above situations, 
is surjective and the kernel Kerι ♯ is generated by a single element ω = g d · · · g 1 which is in the center of π(C 2 \ C a ) and Kerι ♯ = ω ∼ = Z. Thus we have an isomorphism
Proof of Theorem 1
Let (x, y) be affine coordinates such that x = X/Z, y = Y /Z on C 2 := P 2 \ {Z = 0}.
3.1. Construction of curves. In this section, we construct a linear torus curve C of a maximal contact and investigate its local properties. First we introduce a plane curve D α = {g α (x, y) = 0} of degree p where the defining polynomial g α (x, y) is defined by
Now we consider the p-fold cyclic covering ( [5] ) which is defined by
To distinguish two affine planes, we denote the source space of ϕ p by C 2 s with coordinates (x, y) and the target space of ϕ p by C 2 t with coordinates (u, y). Hereafter we simply denote
By the defining equation of C α , we see that the set of parameters which corresponds to the singular pencil lines for C α are given by
(cf. [4] ). Fix a γ such that γ p−1 = 1/α. Then we factorize ψ(y, α) as follows:
Then we can see that O = (0, 0) and Q k = (0, γ ξ k ) for k = 0, . . . , p − 2 are flex points of C α of flex order p − 2 and their tangent lines are nothing but the singular pencil lines through these points and they are given by y = 0 and y = γξ k respectively. Now we are ready to define a reduced curve C. Take q non-zero mutually distinct complex numbers α 1 , . . . , α q and put D j = {g α j (x, y) = 0} for j = 1, . . . , q and put
. . , q and finally we define
The defining polynomials f j (x, y) and f (x, y) of C j and C respectively are given as follows.
It is known that the embedded topology of C ⊂ C 2 does not depend on the choice of (α 1 , . . . , α q ) ∈ U (see [2] ).
Lemma 1.
The reduced curve C can be a linear torus curve of a maximal contact for a certain choice of (α 1 , . . . , α q ).
Proof. We take (α 1 , . . . , α q ) = (1, ζ, . . . , ζ p−1 ) ∈ U , then we claim that C = {f (x, y) = 0} is a (p, q)-linear torus curve of a maximal contact. Indeed, f (x, y) takes the form:
This expression shows that C is a (p, q)-linear torus curve of a maximal contact.
For practical computations, we suppose hereafter that α 1 , . . . , α q are real numbers such that α 1 > · · · > α q > 0. Let γ j be a real positive number such that γ p−1 j = 1/α j for j = 1, . . . , q. By the assumption α 1 > · · · > α q > 0, we have 0 < γ 1 < · · · < γ q .
As C j ∩ C i = {O} for any j = i, the possible singular pencil L s = {y = s} is either {y = 0} or L s is tangent to one of C j outside of O.
Lemma 2. Under the above situation, the local data of C for the calculation of the fundamental group of P 2 \ C is the following.
(1) Singular pencil lines are y = 0 and y = γ j ξ k for j = 1, . . . , q and k = 0, . . . , p−2.
3.2. Calculation of the fundamental group π 1 (P 2 \ C) and π 1 (C 2 \ C). For the calculations of the fundamental groups π 1 (P 2 \ C) and π 1 (C 2 \ C), we use the van Kampen-Zariski pencil method. We take the base point B 0 = [1 :
(By abuse of notation, we consider this pencil L = {L s | s ∈ C} in C 2 t and C 2 s .) By Lemma 2, the set of parameters Σ ⊂ C y which corresponds to singular pencil lines for C is given as follows:
Take the base point γ 0 of C y \ Σ on the real axis so that 0 < γ 0 < γ 1 . As
We take the base point * 0 = (τ 0 , γ 0 ) where τ 0 is a sufficiently large positive number. As C is the pull-back of D by the p-fold cyclic covering ϕ p : (x, y) → (x p , y), the monodromy relations for
by ϕ p where the base point * t is a real point defined by * t = (τ p 0 , γ 0 ) ( [5] ). This is the basic idea for the computation of the fundamental groups.
We first take loops Figure 2 .
• 
where ℓ i is the arc of the circle |x| = τ 0 from * 0 to * i as in Figure 3 . Hereafter we identify a ′ i,j and a i,j in this way. First we see that the monodromy relations on the real axis in C y which correspond to singular pencil lines y = 0 and y = γ j for j = 1, . . . , q. To see these monodromy relations, we consider following loops σ 0 and σ j in C y for j = 1, . . . , q. First we define the loop σ 0 . Let K 0 be the line segment from γ 0 to 0 − ε on the real axis and let S 0 be the circle |y| = ε where the circle is always oriented counterclockwise. Then σ 0 is defined as the loop (see Figure 4 )
Next we define loops σ j for j = 1, . . . , q. Let S j be the loop which is represented by the circle |y − γ j | = ε oriented counter clockwise. Let K j be the modified line segment from γ 0 to γ j − ε. The segment [γ i − ε, γ i + ε] is replaced by the lower half circle of S i . Then σ j is defined as the loop (see Figure 4 ) Case 1: First we see the monodromy relations at y = 0. By the definitions of C j 's and Lemma 2, the origin O is a flex point of C j such that {y = 0} is the tangent line for j = 1, . . . , q and C i and C j intersect with intersection multiplicity p 2 at O for each i = j and the topological type of C at O is B p 2 q,q . To see that monodromy relations, we look at the Puiseux parametrization of each component C j at O. Consider that curves D j and D whose defining polynomials are g j (x, y) = x − ψ(y, α j ) and g(x, y) = q j=1 g j (x, y) respectively. By the definitions, ψ(y, α j ) = y(y − α j y p−1 ), f j (x, y) = g j (x p , y), we have x p = y(1 − α j y p−1 ). By the generalized binomial theorem, we can solve x p = y(1 − α j y p−1 ) as follows.
(1) C j :
Note that the leading term of ϕ j (t) is t which is independent of index j = 1, . . . , q. The topological behavior of the centers of the generators, pq points C ∩ {y = ε exp( √ −1 θ)}, looks like the movements of satellites around planets with 0 ≤ θ ≤ 2π. For a fixed y, there are p choices of t so that y = t p . We take t so that 0 ≤ arg t ≤ 2π/p. Thus planets are the points P i = (tη i , t p ) for i = 0, . . . , p − 1 and the satellites around P i are {(ϕ j (tη i ), t p ) | j = 1, . . . , q} where η = exp(2π √ −1/p). Above conditions (1) and (2) say that p planets moves an arc of the angle 2π/p centered at the origin when t = ε 1/p exp( √ −1 θ/p) moves from θ = 0 to 2π. Then the satellites, which are the center of loops {a i,j | j = 1, . . . , q}, are rotated (p − 1)-times around P i simultaneously for i = 0, . . . , p − 1. Hence we have the monodromy relations:
where a σ 0 i,j is the monodromy action by σ 0 on a i,j . See Figure 5 for the case p = 3 and q = 2. On the other hand, we get the relation ω 1 = ω 2 = · · · = ω p when y = ε exp(2π √ −1θ) moves around the origin once. Hence we have
We can rewrite the relations (1-1) as follows:
Case 2: Next we consider the monodromy relations at y = γ j for j ≥ 1. In this case, the pencil line L γ j is tangent to C j and C j ∩ L γ j = {Q j,0 } = {(0, γ j )} is a flex point of C j of flex order p − 2. On the other hand, the pencil line L γ j is generic with respect to other C i for i = j. First we consider the case j = 1. Recall that the defining polynomial of C i is
We take the local coordinates (x, y 1 ) := (x, y − γ 1 ) centered at Q 1,0 . By an easy calculation, 
Now we consider the monodromy relations at y = γ 1 . First, the action of σ 1 on b 1 , . . . , b q is sketched as in Figure 6 . Thus we see that the generators which are topologically deformed are {a i,1 | i = 0, . . . , p − 1} under the rotation y 1 = −ε exp( √ −1θ) with 0 ≤ θ ≤ 2π. The other generators are unchanged. Namely a σ 1 i,j = a i,j for i = 0, . . . , p − 1 and j ≥ 2. To simplify the monodromy relations, we introduce an element Figure 6 .
Let g i,1 be the pull-back of g 1 starting from * i for i = 0, . . . , p − 1. More precisely, g i,1 = a i,2 · · · a i,q and ω i = a i,1 g i, 1 . When y 1 = y−γ 1 = −ε exp( √ −1θ) moves from θ = 0 to 2π, the generators a 0,1 , . . . , a p−1,1 moves an arc of the angle 2π/p centered at the origin (the lifts of b σ 1 1 ) and the other generators do not move. Thus we have following monodromy relations: Figure 7 . The action of σ 1
By the previous argument, we have ω 1 = ω and Ω = ω p . Hence we can rewrite the relations (2-1) as follows:
Now we consider the case j ≥ 2. First we deform the pencil from γ 0 to γ j − ε along K j . Note that
where y ∈ [γ j−1 + ε, γ j − ε]. Thus the generators b 1 , . . . , b q are deformed as in Figure 8 where
When y moves along S j : |y − γ j | = ε, the single root of g α j (x, y) = 0 which is near the origin goes around the origin once and the other roots g α k (x, y) = 0 (k = j) do not move as in Figure 9 where
This implies, by taking p-fold covering, the corresponding generators a 0,j , . . . , a p−1,j of b j moves an arc of the angle 2π/p centered at the origin. To see it more precisely, we put new loops:
By the definitions, we have τ = h j b j g j . See Figure 10 .
•
We take the local coordinates (x, y j ) := (x, y − γ j ) centered at Q j,0 . Then
where ord y j H j ≥ 2 and ord y j H i ≥ 1 for i = j. By the assumption, we have α j − α i > 0 or α j − α i < 0 corresponding to either i > j or i < j respectively. Thus we can see that the generators which are deformed under this monodromy are {a i,j | i = 0, . . . , p − 1} when y j moves around the circle |y j | = ε. Thus a
Let h i,j and g i,j be the pull-back of h j and g j respectively. By the definition, we have
where h i,1 = e and g i,q = e and we put ω i = h i,j a i,j g i,j .
When y moves around the circle |y−γ j | = ε once, the generators a 0,j , . . . , a p−1,j moves an arc of the angle 2π/p centered at the origin. Thus we have following monodromy relations: • Figure 11 . The action of σ j
Other cases: Finally we read the monodromy relations at y = γ where γ ∈ Σ with γ = 0, γ 1 , . . . , γ q . Recall that the set of parameters Σ ⊂ C y which corresponds to singular pencils are given by
Then the pencil line L γ j ξ k = {y = γ j ξ k } is singular with respect to C j and C j ∩ L γ j ξ k = {Q j,k } = {(0, γ j ξ k )} is a flex point of C j of flex order p − 2 for k = 1, . . . , p − 2. Note that the pencil line L γ j ξ k is generic with respect to other C i for i = j. First we consider the case k = 1. That is, we consider the monodromy relations at y = γ j ξ. We take a path L 1 which connects γ 0 and γ 0 ξ as in Figure 12 . Figure 13 . New loops c 1 , . . . , c q .
They are related by the following.
Let d 0,j , . . . , d p−1,j be the pull-back of c j by ϕ p for j = 1, . . . , q. Then the relation (2) implies
Now we consider the loops σ We will see that the monodromy relations are exactly as (2) (3) . To see this assertion, we take the following modified coordinates (x,ỹ) which are defined bỹ
x,ỹ := ξy.
In these coordinates, the loops σ
1 , . . . , σ
q coincide with σ 1 , . . . , σ q and C j is defined by the same equality:
The situation of loops c 1 , . . . , c q are the same with that of b 1 , . . . , b q and the situation of loops d i,j , i = 0, . . . , p−1, j = 1, . . . , q are the same with that of a i,j , i = 0, . . . , p−1, j = 1, . . . , q. Therefore we obtain the relations
Ωω. Now we claim the following.
Lemma 3. The relation (2-3) ′ is the same with the relation (2-3).
Proof. First we consider the relation
,jhi,j can be translated as follows
0,j ) −1 , the argument is the same. This complete the proof.
Next we consider general cases k ≥ 2. That is, we consider the monodromy relations at y = γ j ξ k . Then we take a path L k which connects γ 0 and γ 0 ξ k :
By the exact same arguments as in the case k = 1, we see that no new monodromy relations are necessary.
3.3.
The group structures of π 1 (C 2 \C) and π 1 (P 2 \C). In this section, we consider the group structures of π 1 (P 2 − C) and π 1 (C 2 \ C). First by previous considerations, we have prove that Note that last relations in (1-2) and (2-3) are unnecessary as they follow from previous relations. By the definitions of g i,j and h i,j and (1-2), we have the following inductive relations. Thus we get [a i,j , ω p ] = e for all j = 1, . . . , q.
The relation (R i ) for i = 0, . . . , p − 1 implies ω p is in the center of π 1 (C 2 \ C). Using relations (1-2) and (R i ), we have a i+1,j = ωa i,j ω −1 , i = 0, . . . , p − 2, j = 1, . . . , q.
